This paper develops a mathematical model for fixed-end moments for two different types of loads on beams with a parabolic shaped variable rectangular cross section. The loads applied on beam are: 1) a uniformly distributed load and 2) a concentrated load located anywhere along the beam length. The properties of the rectangular cross section of the beam varies along its axis, i.e., the width "b" is constant and the height "h" varies along the beam, this variation follows a parabolic form. The consistent deformation method based on the superposition of the effects is used to solve these problems. The deformation anywhere along the beam is obtained by using the Bernoulli-Euler theory. Traditional methods used to obtain deflections of variable cross section members are any techniques that perform numerical integration, such as Simpson's rule. Tables presented by other authors are restricted to certain relationships. Beyond the effectiveness and accuracy of the developed model, a significant advantage of it is the moments are calculated at any cross section of the beam using the respective integral representations as mathematical formulas.
Introduction 1
A major concern of structural engineering over the past 50 years is proposing dependable elastic methods to satisfactorily model variable cross section members, so that there is certainty when book ", 1958) , in which the stiffness constants and fixed-end moments of the variable section members created extensive calculations, which was a limitation at that time. In the PCA tables, several hypotheses were used to simplify this problem; the most important hypotheses was that the variation of the stiffness (linear or parabolic, based on the geometry) was either considered to be a function of the main moment of inertia in bending or considered to be an independent cross section., However, this hypothesis has been demonstrated to be incorrect. Furthermore the shear deformations and the ratio of length:height of the beam is neglected when defining the stiffness factors. These simplifications can lead to significant errors when determining the stiffness factors (TenaColunga, 2007) .
The elastic formulation of stiffness for members with variable sections evolved over time. After publication of the PCA tables, the following works helped further the knowledge of beam theory. Just (1977) was the first to propose a rigorous formulation for variable section members of drawer type and "I" based on the classical beam theory by Bernoulli-Euler for two-dimensional members without including axial deformations. Schreyer (1978) proposed a more rigorous theory of beams for members varying linearly. His hypothesis generalized Kirchhoff's rules to account for the shear deformations. Medwadowski (1984) solved the problem of bending in a nonprismatic beam of shear using the theory of variational calculus. Brown (1984) presented a method that used approximate interpolation consistent functions with beam elastic theory and principle of virtual work to define the stiffness matrix of members with a variable section.
Matrices of elastic stiffness for two-dimensional and three-dimensional members with variable sections based on classical beam theory by Euler-Bernoulli and flexibilities method that account for the axial and shear deformations and the cross section of the shape are found in Tena and Zaldo (1994) , Zaldo (1995) and in Appendix B (Tena-Colunga, 2007 ).
In the traditional methods used for the variable cross section members, the deflections are obtained by Simpson's rule or some other technique to perform numerical integration. Tables presenting certain limited relationships are available in books (Vaidyanathan et al., 2005; Hibbeler, 2006; Williams, 2008) . This paper presents two mathematical models for fixed-end moments of a beam subjected to a uniformly distributed load or concentrated load applied anywhere along the beam for a rectangular cross section taking into account: the width "b" is constant and height "hx" varies along the beam in a parabolic form.
Mathematical development of the models
General principles of the parabola Figure 1 shows a beam in elevation and also presents its rectangular cross-section taking into account the width "b" is constant and height "hx" varies in a parabolic shape. The value "hx" varies with respect to "x", which gives:
Now, the properties of the parabola are used:
Equation (2) is substituted into equation (1):
Derivation of the equations for a uniformly distributed load
Figure 2(a) shows the beam AB subjected to a uniformly distributed load with fixed-ends. The fixed-end moments are found by the sum of the effects. The moments are considered positive in the counterclockwise direction and negative in the clockwise direction. Figure 2(b) shows the same beam simply supported at its ends with the load applied to find the rotations ƟA1 and ƟB1. Now, the rotations ƟA2 and ƟB2 are caused by the moment MAB applied at support A, according to Figure 2 (c), and in terms of ƟA3 and ƟB3 are caused by the moment MBA applied at support B, as shown in Figure 2 (d) (Przemieniecki, 1985) . The conditions of geometry are (González Cuevas, 2007; Luéva-nos Rojas, 2012; Luévanos Rojas, 2013) :
The beam of Figure 2 (b) is analyzed to find ƟA1 and ƟB1 by EulerBernoulli theory to calculate the deflections (Ghali et al., 2003; Mc Cormac, 2007) . The equation is:
where dy/dx = Ɵz is the total rotation around the axis "z"; E is the modulus of elasticity of material; Mz is the moment around the axis "z"; and Iz is the moment of inertia around the axis "z".
The moment anywhere along the beam on the axis "x" is (Gere et al., 2009 ):
The moment of inertia for a rectangular member is:
Equation (3) is substituted into equation (8):
Now, equations (7) and (9) 
Now, the member of Figure 2 (c) is analyzed to find ƟA2 and ƟB2 as a function of MAB:
The moment anywhere along the beam on the axis "x" is:
Equations (9) and (15) are substituted into equation (6):
The integral of the equation (16) 
Equation (17) 
The boundary conditions x = 0 and y = 0 are substituted into equation (18) Then, the boundary conditions x = L and y = 0 are substituted into equation (18) to obtain C1: 
Once the constant C1 is obtained, this is substituted into equation (17) 
Substituting x = 0 into equation (21) to find the rotation at support A: The moment anywhere along the beam on the axis "x" is:
Equations (9) and (24) are substituted into equation (6):
Equation (25) 
Equations (13), (22) and (26) corresponding to support A are substituted into equation (4), and equations (14), (23) and (27) corresponding to support B are substituted into equation (5). Subsequently, the generated equations are solved to obtain the values of "MAB" and "MBA". These are presented in equations (28) 
Derivation of equations for a concentrated load
Figure 3(a) shows the beam AB subjected to a concentrated load located anywhere along member or fixed-ends. The fixed-end moments are found by the procedure used for the previous case.
The conditions of geometry are shown in equations (4) and (5).
The beam of Figure 3 (b) is analyzed to find Ɵ A1 and Ɵ B1 using the Euler-Bernoulli theory to calculate the deflections using equation (6).
Figure 3. Beam fixed at its ends
The moment of inertia for a rectangular member is shown in equation (9). a) For the portion of the beam where 0 ≤ x ≤ a Equations (9) and (30) are substituted into equation (6):
The integral of the equation (32) 
Substituting x = a into equation (33) to find the rotation Ɵa1: 
Equation (33) is integrated to obtain the displacements because there are no known conditions for the rotations: 
Substituting x = a into equation (37) to find the vertical displacement ya1, where the load P is applied: (9) and (31) are substituted into equation (6):
The integral of equation (39) Equation (40) is integrated to obtain the displacements because there are no known conditions for rotations: The boundary conditions x = L and y = 0 are substituted into equation (42) to find C4 as a function of C3: 
Equation (43) is substituted into equation (42) after the boundary condition x = a is included to find the vertical displacement ya2: 
Equations (34) and (41) are equated, as well as equations (38) and (44), because both the rotation and vertical displacement must be equal at the point of application of the load P to find constants C1 and C3. These values are: 
Equation (45) is substituted into equation (33) Atan [
Equation (46) is substituted into equation (40) 
The member of Figure 3 (c) is analyzed to find ƟA2 and ƟB2 as a function of MAB. These are shown in equations (22) and (23).
Now the member of Figure 3 (d) is analyzed to obtain ƟA3 and ƟB3 as a function of MBA. These are presented in equations (26) and (27).
Equations (22), (26) and (48) corresponding to support A are substituted into equation (4), and equations (23), (27) and (50) corresponding to support B are substituted into equation (5). Subsequently, the generated equations are solved to obtain the values of "MAB" and "MBA". These equations are presented in equations (51) and (52). 
Results Tables 1 and 2 show comparisons of the two models. The proposed model is the mathematical model developed in this paper, and the traditional model is presented in the tables on page 516 (Hibbeler, 2006) . Table 1 shows the moments subjected to a uniformly distributed load, and Table 2 presents the moments subjected to a concentrated load located anywhere along the length of the beam. Such comparisons were determined for a ratio of y0/h = 1 because these values are presented in the tables mentioned above. The results are virtually identical; therefore the proposed model is valid. 
Conclusions
This paper presents a mathematical model for fixed-end moments for two different load types for beams with a parabolic shaped variable rectangular cross section. The loads applied on the beam are: 1) a uniformly distributed load or 2) a concentrated load located at anywhere along the length of the beam. The properties of the rectangular cross section of the beam vary along its axis, i.e., the width "b" is constant and the height "h" varies along the beam in a parabolic form.
The validation of the proposed model is presented by Tables 1 and  2 , where the results are virtually identical, but these tables present only the ratio of y0/h = 1.
The significant advantage of the proposed model is it works for any ratio of y0/h. Another advantage is in Table 2 , where the tables submitted in the books are limited to certain relationships of a = 0.1L, 0.3L, 0.5L, 0.7L, 0.9L, but the model developed in this paper is for any value of "a".
The mathematical technique presented in this research is well suited to obtain the fixed-end moments, rotations and displacements for beams of variable rectangular cross section subjected to a uniformly distributed load or concentrated load because the results are accurate and presented as a mathematical expression.
The application of fixed-end moments, rotations and displacements is significant in the matrix methods of structural analysis to obtain the acting moments and the stiffness of a member.
In addition to the efficiency and precision of the developed model, a significant advantage is that rotations and displacements, as well as the moments, are calculated for any cross section of the beam using the respective integral representations as mathematical formulas.
